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1 Introduction 

The main object studied in this paper is the unital associative algebra with 
three generators A%, A 2 and A3 satisfying defining commutation relations 



The main goal is to show how A 1 , A 2 and A 3 can be expressed, using gener- 
ators A, B of the Heisenberg algebra, obeying Heisenberg's canonical com- 
mutation relation 



The canonical representation of the commutation relation (J2J) is given by 
choosing A as usual differentiation operator and B as multiplication by x 
acting on differentiable functions of one real variable x, on polynomials in 
one variable, or on some other suitable linear space of functions invariant 
under these operators. In quantum mechanics, these operators, when con- 
sidered on the Hilbert space of square integrable functions, are essentially 
the same as the canonical Heisenberg-Schrodinger observables of momentum 
and coordinate, differing just by a complex scaling factor. The Heisenberg 
canonical commutation relation (J2J) is also satisfied by the annihilation and 
creation operators in a quantum harmonic oscillator. Whenever Ai, A 2 and 
A3 satisfy (0) and are interpreted as observables within some physical system, 
the problem we consider is that of realization of these observables within a 
physical system described by the Heisenberg-Schrodinger observables or by 
the quantum harmonic oscillator model. This point of view can be very 
valuable for physical applications as a step towards understanding bosonic 
realizations of fermionic, super-symmetric or color systems. 

A complex associative algebra L with generators Ai, A 2 , A3 and defining 
relations (JTJ) is called the graded analogue of the Heisenberg Lie algebra 
or, more precisely, of its universal enveloping algebra. The algebra L is a 
universal enveloping algebra of a three-dimensional Z^-graded generalized 
Lie algebra (see Appendix A). When anticommutators in the left-hand side 
of (JTJ) are changed into commutators, we indeed have the relations between 
generators in the universal enveloping algebra of the Heisenberg Lie algebra. 

Since the 1970's, generalized (color) Lie algebras have been an object of 
constant interest in both mathematics and physics [U 121 El E] , [E] [21], [25] - 



AiA 2 + A 2 A X = A3, 
A X A 3 + A Z A 1 = 0, 
A 2 A 3 + A 3 A 2 = 0. 



(1) 



AB - BA = I. 



(2) 
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"""7]-|H4j. Description of representations of these algebras is an important and 
interesting general problem. It is well known that representations of three- 
dimensional Lie algebras play an important role in the representation theory 
of general Lie algebras and groups, both as test examples and building blocks. 
Similarly, one would expect the same to be true for three-dimensional color 
Lie algebras and superalgebras with respect to general color Lie algebras and 
superalgebras. The representations of non-isomorphic algebras have different 
structure. In """21 EH] , three-dimensional color Lie algebras are classified in 
terms of their structure constants, that is in terms of commutation relations 
between generators. In [20], P3| and [""T], quadratic central elements and 
involutions on these algebras are calculated. In |19j and 33J, Hilbert space 
♦-representations are described for the graded analogues of the Lie algebra 
sl(2 ; C) and of the Lie algebra of the group of plane motions, two of the non- 
trivial algebras from the classification. The classification of ^-representations 
in ["""""j and [""3] is achieved, using the method of dynamical systems based on 
generalized Mackey imprimitivity systems. 

The graded analogue of the Heisenberg Lie algebra defined by ([""} is an- 
other important non-trivial algebra in the classification of three-dimensional 
color Lie algebras obtained in [""""j 134*] . In this article we look for representa- 
tions of this algebra. Here, however, we approach representations in a totally 
different way than it was done in fTH] and |"""""|. I n this paper we are interested 
in describing those representations which can be obtained as power series in 
representations of Heisenberg's canonical commutation relations. 

In Section [2] we show that, with a natural choice for A\ as the first gen- 
erator of the Heisenberg algebra corresponding to differentiation, there are 
no non-zero polynomials in Heisenberg generators which can be taken as A 2 
and A 3 so that ([1} is satisfied. This means, in particular, that when Ai is 
the differentiation operator, A 2 and A 3 cannot be chosen as differential op- 
erators of finite order with polynomial coefficients. We prove however that 
it is possible for A 2 and A 3 to be power series in the Heisenberg generators 
with infinitely many non-zero terms, thus in particular making possible the 
operator representations by the differential operators of infinite order. In 
Theorem 12.11 we describe all such formal power series solutions A 2 and A 3 
for the first two relations in (fl]l. In Theorem 12 .51 we present all formal power 
series solutions A 2 and A 3 satisfying all three relations in (f""|). It turns out 
that these solutions depend on the choice of two arbitrary odd power series, 
and thus on countably many arbitrary complex parameters. In other words, 
we get two mappings from the sequence space C N to formal power series 
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in Heisenberg generators, such that elements of their image spaces together 
with the first Heisenberg generator satisfy the commutation relations ([TJ. In 
all these solutions one finds a special series, which turns out to be an ab- 
stract series generalization of the parity operator, playing an important role 
in quantum mechanics, quantum field theory and supersymmetry analysis. 

By choosing various pairs of operators satisfying the Heisenberg canon- 
ical commutation relation (J2J) and substituting them into the power series 
obeying one can find large classes of operator representations of the 
commutation relations (0). Section El is exclusively devoted to examples of 
such representations. Many of these representations, we believe, cannot be 
reached or classified using classical methods based on dynamical systems 
approach extending Mackey imprimitivity systems. We think that these op- 
erator representations might have significant physical applications. It would 
be of great interest to investigate spectral, structural and analytical prop- 
erties of such representations on various spaces. It also turns out that for 
some of these representations, the commutation relations (JlJ lead to non- 
trivial functional differential- difference interpolation and combinatorial iden- 
tities involving Euler, Bernoulli and Stirling numbers. 

2 Bosonic power series realizations 

Consider a set {Al,^,^} in some complex associative algebra with unit 
element I satisfying the following commutation relations 

A X A 2 + A 2 A X = A 3 , A X A 3 + A 3 A X = 0, A 2 A 3 + A 3 A 2 = 0. 

It follows immediately that A\ commutes with all three elements At, A 2 and 
A 3 . Suppose there exists a non-zero constant a such that A 2 = a 2 1. From 
the first relation we then obtain 

A X A 2 A 3 + A 2 A X A 3 = A\ = a 2 I, 

and using that A\A 3 = — A 3 A\ by the second relation, we have 

A 1 (A 2 A 3 ) - {A 2 A 3 )A 1 = a 2 1. 

Let A 2 = a~ x A 2 and A 3 = a~ 1 A 3 . Then we can write 

a 1 (A 2 A 3 )-(A 2 A 3 )a 1 = i, (3) 
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showing that A\ and the combination A 2 A 3 satisfy the Heisenberg canonical 
commutation relation. By the way this observation implies in particular that 
(HJ) together with A\ = a 2 J, a 7^ 0, cannot be satisfied by bounded operators 
on a Hilbert space or even generally by elements in any unital normed algebra, 
as this is also the case for the Heisenberg canonical commutation relation (J2J) 
by the famous Wintner- Wielandt result [2U E3 EE] • 

Assume that we consider Ai, A 2 and A 3 as elements of the Heisenberg al- 
gebra C(A, B) I (AB — BA — I). Then (J3j) suggests that a reasonable Ansatz 
is to put A\ = A and consider the other two generators A2 and A3 as poly- 
nomials in A and B having coefficients in C. Suppose A2 and A3 are any 
polynomials in A and B. Due to the relation AB = I+BA, it is clear that A 2 
and A 3 can be rewritten as a linear combination of monomials with no B to 
the right of A. When a polynomial (or a series) in A and B is written in such 
a way, we say that it is presented in its (B, A)-normal form. In the Heisen- 
berg algebra, we know that the set of ordered monomials {B^A k \ j, k G N} 
is linearly independent. This fact allows one to reduce the problem of equal- 
ity of two polynomials in A and B to checking whether they have the same 
coefficients when rewritten in (B, ^-normal form. 

We begin with the following theorem, showing that if A\ = A, then one 
is forced to work with series in A, B with infinitely many non-zero terms, in 
order to be able to find non-trivial realizations of the commutation relations 

A X A 2 + A 2 A 1 = A 3 , A X A 3 + A 3 Ai = 

in terms of the Heisenberg generators A and B. 

Theorem 2.1 Assume A and B are two elements in an associative algebra 
over C with unit element I satisfying the Heisenberg canonical commutation 
relation AB - BA = I. 

(a) Let A% = A, and both A 2 and A 3 be polynomials in A and B with 
complex coefficients. Then it follows that the commutation relations 

A X A 2 + A 2 A X = A 3 , A X A 3 + A 3 A X = 

can only be satisfied if A 2 = A 3 = 0. 

(b) Let Ax = A, and suppose A 2 and A 3 are formal power series in A and 
B in the (B, A) -normal form, i.e. 

00 00 00 00 

A 2 = J2J2 a ^A k , A 3 = J2J2 & ^B j A k , 

j=0 k=0 j=0 k=0 
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where the coefficients ajk,ajk G C. Then A\, A 2 and A 3 satisfy the 
commutation relations 

A X A 2 + A 2 A 1 = A 3 , AiA 3 + A-^ = 

if and only if 

A 2 = T(A, B)V{A) + BT(A, B)W(A), 
A 3 =T(A,B)W(A), 

where V(A) and W(A) are power series expressions in A with complex 
coefficients, and T(A, B) is given by 

T(A,B) = J2^jr L B k A k . 

k=0 

Proof, (a) Any polynomial in A and B can be written in the (B, /^-normal 
form, and hence, we can assume that 

M N 

A 2 ^^a 3 ,B^ (4) 

j=0 k=0 

for some M, N G N and G C. Eliminating A 3 by use of the commutation 
relations and using A\ = A, we obtain 

A 2 A 2 + 2AA 2 A + A 2 A 2 = 0. (5) 

Introduce the notation 

Q(A, B) = A 2 A 2 + 2AA 2 A + A 2 A 2 . 
The reordering formula 

AB n = B n A + nB n - 1 (6) 

is valid for n > 1 and follows directly from the Heisenberg commutation 

relation (J2J) by induction on n jTJ p. 21]. 

By repeated use of (JHJ), we readily obtain for n > 2 

A 2 B n = A(AB n ) = A(B n A + nB 71 ' 1 ) = AB n A + nAB 11 ' 1 
= (B n A + nB n - x )A + n[B n - l A + (n - 1)5™~ 2 ) 
= 5" A 2 + nS 71 - 1 ^ + nS 71-1 ^ + (n - l)nB n - 2 
= B n A 2 + 2nB n ~ 1 A + (n - l)^™" 2 . (7) 
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Since the coefficients in (j3J) are allowed to be arbitrary complex numbers 
(including zero) one can, without loss of generality, put 

N N 

A 2 = ^^a jfcJ B^ fc , N>2, 

j=0 k=0 

and hence 

N N 

A 2 ^ 2 = £E^M4* +2 - (8) 

j=0 k=0 

Applying repeatedly the reordering relations (0) and (JTj), we further obtain 

N N 

AA 2 A = E a jkAB j A k+1 

j=0 k=0 
N N N 

= ^A k+2 a ^ B3A + jB j - l )A k+l 

k=0 j=l k=0 

N N N N 

= E E a * B3Ak+2 + E E '-i''"- 1 (9) 

j=Q k=0 j=l k=0 



and 



N N N N 

A 2 A 2 = E a 3kA 2 B 3 A k = aokA k+2 + ^{BA 2 + 2A)A k 

j=0 k=0 k=0 k=0 

N N 

+ E E a ^A 2 + 2jB*~ 1 A + (j - l)jB>- 2 )A k 

j=2 k=0 
N N N N 

= E E a * BjAk+2 + E E 1ja 3k B^A^ 

j=0 k=0 j=l k=0 

N N 

■ EE ( -/ y ^ BJ 2Ak - ( 10 ) 

3=2 k=0 
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Q(A, B) = A 2 A 2 + 2AA 2 A + A 2 A 2 

TV TV TV TV TV TV 

= E E 4^'^ +2 + E E ^a^^-M^ 1 + £ £(j - 1) ja^M* 

j=0 fc=0 j=l fc=0 j=2 fc=0 

TV TV TV-1 TV-1 

= EE 4a ^ 5Mfc+2 + E E 4 c? + i)% + M+i^'A fc+2 

j=0 fc=0 j=0 fc=-l 

7V-2 TV-2 

+ E E V + + 2)a, +2 , fc+2 S^ fc+2 = 0. (11) 

j=0 k=-2 



Rearranging the sums, we arrive at 



TV-2 TV-2 

Q(A, B) = Y, Et 4a ^ + ^ + + 0' + l )U + 2)a J+2 , fc+2 ]£^ fe + 2 

j=0 fc=0 

TV-2 TV-2 

+ E0' + + 2 K+ 2 ,o^ + E0' + + 2)a j+2il B^A 
j=0 i=o 

TV-1 TV-1 

+ ^ 4(j + l)o i+1|0 BM + ^ 4(j + l)a i+lliV fl^ +1 
j=o i=o 

TV-2 TV TV 

+ ^ 4iVa J v ifc+lJ B Af - 1 A fc+2 + ^4a^ lJ BM Ar+1 + ^ 4a jJVJ B^ JV+2 

k=0 j=0 j=0 

TV-2 TV-2 

+ £ 4a N ^ k B N ~iA k+2 + ±a Nk B N A k +\ 

k=0 k=0 



The polynomial Q(A, B) can now be presented in its (B, v4)-normal form, 
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\k+2 



allowing us to express © as follows 

N-2N-2 

Q(A, B) = J2 I> a ^ + 4 ti + iK+W + + !)0" + 2)a j+2ik+2 ]BlA k 

j=0 fc=0 
AT-2 

+ + 1)0" + 2)^+2,0^ 

i=o 

AT-2 

+ ^[4(j + l)a i+1 , + (j + 1)0' + 2)a i+2) i]BM + 4iV ajV0 B N ~ X A 

3=0 
N-l 

+ 4 [%,at-i + + l)ai +1 ,jv]S J 'A JV+1 + 4a N , N ^B N A N+1 

j=0 

N-2 N-2 

+ 4(ajv-i,fc + A^+i)^" 1 ^ 2 + ]T 4a 7VfcJ B Ar A fc + 2 

fc=0 fc=0 
N 

+ ^Aa jN B j A N+2 = 0. (12) 
i=o 

By linear independence of the set of ordered monomials {B^A h | j, k G N}, 
all coefficients must be equal to zero, giving rise to the following recurrence 
relation 

4a jk + 4(j + l)o j+ i, fc+1 + (j + 1)0 + 2)a i+2ifc+2 = 0, (13) 

valid for j, k G {0, . . . , N — 2}, together with the boundary conditions 

(j + 1)0 + 2)a i+2i0 = 0, j = 0, . . . , N - 2, 

4(j + l)a mo + (j + 1)0 + 2K+2,i = 0, j = 0, . . . , N - 2, 

iVa^o = 0, 

%,jv-i + + l)°i+i,Ar = 0, j — 0, . . . ,N — 1, 

0-N,N-l = 0, 

a N „i M + A^aiv ifc+ i = 0, fc = 0, . . . , N - 2, 
a Nk = 0, k = 0,...,N-2, 
a-jN = 0, j = 0, . . . , N. 
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It immediately follows, that this system of equations has the solution 

ajo = 0, j = 2, . . . , N, 
a 21 = -2a w , %i = 0, j = 3, . . . , N, 
a j)N -i = a jN = 0, j = 0, . . . , N, (14) 
a N - hk = a Nk = 0, fc = 0, ...,N. (15) 

Consider the square matrix (a^-) of size (N + 1) x (N + 1). As expressed by 
the conditions (fl"4j) - fl"5|) . we see that the last two rows and last two columns 
consist merely of zeros. In view of relation (jlHjl . it clearly follows that (a^) 
must be the zero matrix, i.e. all coefficients dj k = 0, showing that (JHJ) cannot 
be satisfied by a non-zero polynomial expression in the form 

M N 
j=0 k=0 

for any M, iVeN, proving part (a) of the theorem, 
(b) Having now 

CO CO 

A 2 = J2J2 a i kB ' Ak > 

j=0 k=0 

it follows immediately that ([TTj) will be replaced by 
A 2 A 2 + 2AA 2 A + A 2 A 2 

CO CO 

= Y} Aa ^ + 4 + iK'+^+i + + 1)0" + 2)a J+ 2,k+2}B>A k+2 

CO CO 

+ + 1)0 + 2)a i+2 ,oS J ' + + l)[4a i+1 , + (j + 2)a i+ 2,i]£^ = 0. 

j=0 j=0 

We still have the recurrence relation 

Aa jk + 4(j + l)a i+ i, fc+ i + (j + 1)0 + 2)a j+2 , k +2 = 0, (16) 

now valid for j, fceN, together with the conditions 

+ l)0' + 2)aj+2,o = 0, jeN, 
(j + 1) [4a i+1)0 + + 2)a i+2)1 ] =0, j'GN 
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or more explicitly 

a j0 = 0, j = 2,3,..., (17) 

a 21 = -2a 10 , (18) 

o 3 -i = 0, j = 3,4,.... (19) 

As a consequence of |T6|) . ([TTjl and |T9|) we have 

a l+ 2+i,i = 0, !,jeE (20) 

The elements cij+ij, j € N, can be computed from (fTtj)) and (JTSJ), and will 
be treated separately below. In the relation (fTBj) . we now put k = j + I, 
obtaining 

4a,-, j+l + 4(j + l)a i+ i d+m + (j + l)(j + 2)a j+2 j+i+2 = 0, (21) 

where j, I G N. The substitution b l j = cij.j+i brings ()21|) to the form 

Ab) + 4(j + l)6j +1 + (j + 1)0" + 2)6j +2 = 0. (22) 

Suppressing the superscript I for a moment, we look for a general solution 
(bi)tLo to the difference equation 

46, + 4(j + l)b j+1 + (j + l)(j + 2)b j+2 = 0. (23) 

In order to solve (|23|1. we introduce the generating function 

oo 
j=0 

Successive differentiation of the series expression yields 

oo 

y'(t) = + !) (25) 

3=0 
oo 

y"(t)=Y,ti + m + 2)b J+ 2t>. (26) 
i=o 

together with the expressions (J2IJ), and (J2T)|) . gives rise to the 
differential equation 

/(t)+V(t)+42/(t) = 0, (27) 
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where y has to satisfy the initial conditions 

y(0) = b Q , y'(0) = b v 



:28i 



The characteristic equation (r + 2) 2 = has the root r = —2 of multiplicity 
2, so the general solution has the form 



y(t) = (d + C 2 t)e 



-2t 



By conditions (J28|) 
so the solution is 



C x = 6o, C 2 = 6i + 26, 



o- 



y(f) = (6o + bit + 2M)e~ 2t . 
Expanding the exponential function yields 

*(*) = E W = & o E ^t^' + ( 26 ° + E L - LtJ+1 



?! ' — ' ?! 

i=0 j=0 J j=0 J 



<>« + £ 



4^ + 2^W" 2)5 



O' + l)! 



+1 



After identification of the coefficients we have 



bj+i 



.7 = 1,2,... 



Going back to the earlier notation this means 

J = 1,2,..., Z = 0,1, 



3 + 1 



o ' 



and hence, 



:-2) j 



oi,i+i + ~~pY aw ) ' = x > 2 



Z = 0,1, 



If, in the formula (|29j) we put j — 1, / = — 1, then 

«2i = -2(ai + a Q _i) = -2ai 



(29) 
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by introducing an auxiliary coefficient ao,-i = 0. The solution to the problem 
ifTfljl . (fTTjl . (HH and (Jini) can now be written 

aj+i+2,i = 0, (31) 
where we have j, I EN. By virtue of (}3~T]) . we may write 

oo oo oo oo oo 

a 2 = e E %^ fe = E a °^ fe + E E %^ fe 

j=0 fc=0 fc=0 i=l fc=0 



oo oo 



E aokA k + E E ^ •:,; •//>'•' -'.V'-' (32) 

fc=0 1=0 j=0 



and hence, directly by reordering formula © 



A 3 = AA 2 + A 2 A = J2 ao k A h+1 + E E "'■ '■■i- lAr ' J ' A * 

k=0 1=0 j=0 

oo oo oo 

+ E a ^ Ak+1 + E E a j+ i >j+l Bi +1 Ai +l+1 

k=0 1=0 j=0 



+1 



oo oo 



= 2A 2 A + E0' + ^+i,j+iB j A j+l . (33) 

Z=0 j=0 

Let c = and assume (c i )^ 1 and (di)^Z are arbitrary sequences of complex 
numbers. For / = 0, 1, 2, ... we put 

ao,l-i = ci, a n = di (34) 

and have then for j, I E N 
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Inserting now the expressions (J34"|) an d (135} into (fH2~J) and (jSSJ), yields 

i — n ;— n <— n * \ J / 



fc=0 Z=0 j=0 

OO OO OO / o\j + l 



E c ^ fc + E E 77tw h(j + 1)di/2 - ^ Bj+lAj+l 

k=0 1=0 j=0 ^ >' 



oc 



fc,Z=0 



A 3 = 2A 2 A + EE^(J + 1) (d, + -^tq) 



Z=0 j=0 

OO OO / c\\h 



2A 2 A + E E ^^"^ + + 2 ^] 5 ^ fc+/ 



fc=0 «=0 

oo OO / 



E E Hi [2(1 _ k)ci ~ kdl + {k + l)dl + 2kc ^ BkAk+l 

k=0 1=0 

J2J2-rr^+ d ^ BkAk+l - 



k=0 1=0 



For I G N, we introduce the coefficients = 2q + dj, allowing us to write 



A 2 = E [ - 1 ^ L (ci-lkw l )B k A k+l -\ 

k,l=0 
k+l^O 



OO OO 



k=0 1=0 



where the coefficients ci,wi are arbitrary complex constants except for cq, 
since by definition (|H4|) we have Co = 0. Alternatively, we can express A 2 and 
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A3 by separating the summations as follows 

OO OO / ri\k OO OO / r)\fc— 1 

^ = E E ^.B^-i + E E 

A:=0 /=1 * fc=l Z=0 ^ 

= ^ ^-fl*A fc ^ c\A l ~ x + bJ2 ^f-B k A k E ^ ( 36 ) 

fc=0 ' i=l fc=o ' 1=0 

As = E Hr 5 "^' ^ (37) 

fc=0 ' Z=0 

■ 

In the following lemma, we formulate some basic rules, that will be used 
frequently below in proving a corollary to Theorem 12.11 and for the proof of 
our main theorem ( Theorem 12. 5|) . 

Lemma 2.2 Assume A and B are two elements in some complex associative 
algebra with unity I satisfying the Heisenberg canonical commutation relation 
AB — BA = I. Let f(A) and g(B) be formal power series in A and B, 
respectively. Denote by f'(A) andg'(B) their formal derivatives, obtained by 
term-wise differentiation of the series expressions, and let T(A, B) be given 
by 

T(A, B) = J2 ^lJ-B k A k . ( 38 ) 

rv . 

k=0 

Then the following relations hold true 

(a) T(A,B) 2 = T(A,B)T(A,B) = I, 

(b) f(A)B = Bf(A) + f'(A), Ag(B) = g(B)A + g\B), 

(c) AT {A, B) = —T(A, B)A, T(A, B)B = —BT(A, B), 

(d) f(A)T(A, B) = T(A, B)f(-A), T(A, B)g(B) = g(-B)T(A, B) . 



Proof. The reordering relation [7J Cor 2.4 p. 24] 

min(i ,j) 



u=0 



A l B j = v] ( J ( 3 ) B'-'A*-" (39) 
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is valid for all non- negative % and j, as long as A and B satisfy the Heisenberg 

canonical commutation relation (J2J). 

(a) Using the definition (jHHjl and relation we have 

00 ( —2) k 00 (—2) m 

T(A, B)T(A, B) = V ^— ^5 fc A fc V ^ — ' B m A m 
z — ' fc! / — ' m! 

fc=0 m=0 

fc=0 m=0 

00 min(fc,m) 



EE E 



fe=0 m=0 iv=0 
00 00 min(fc,m) x fc+m 



2-^2-^ ^ k\{m-v)\\yi 



k=0 m=0 u=0 

Introducing a new summation index r = k + m — v, this can be expressed as 



T(A, B)T(A, B) = J2 d rB r A r , 



r=0 



where 



* = E E 



fc! (r — k)\ V + m — r 

k=0 m=r—k 

( - 2r S^WS ( - 2r C) 



r! ^— ' r! 

fc=0 



Hence, 



r=0 r=0 

(b) From the reordering relation (jH^jl . we obtain v4 n I? = + nA n ~ l , valid 
for all n > 1. Thus, the first relation in (b) is true for f(A) = A n , neN, and 
so clearly it also holds for every formal power series in A. Moreover, for n > 1 
we have by (J§J) or from relation (J39j) that AB n = B n A + nB n ~ 1 , showing that 
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the second equation (b) holds for g(B) = B n , neN, and therefore it is also 

valid for any formal power series in B. 

(c) By use of the second relation in (b), we can write 

AT(A, B)=Y ^—-J—AB k A k = Y ±~J-{B k A)A k + Y ±—L(kB k - l )A k 

K. K. K. 

k=0 k=0 k=l 

= y \^_B k A k A - 2 Y [ 7T ^— T B k ' 1 A k 

k=0 k=l y ' 

= T(A, B)A - 2T(A, B)A = —T(A, B)A. 
Applying the first relation in (b), it follows that 

T(A, B)B = ^—j^—B k A k B = Y ^-B k (BA k ) + Y ^-B k (kA k ~ 1 ) 

k=0 ' k=0 ' k=l 

'—2) k 00 (_o) k - 1 

/ r>k Ak o D \ r V / 



B Y K -^~B k A k -2BY K -^—B k ~ l A k - 1 

k=0 k=l v ' 

BT(A, B) - 2BT(A, B) = —BT(A, B). 



(d) Using the first of relations (c), we have by induction on n that 

A n T(A, B) = T{A,B){-A) n 

for all n > 0, and hence, the first relation follows for any power series f(A). 
From the second relation in (c), we have by induction on n that 

T(A, B)B n = (—B) n T(A, B) 

for all n > 0, and hence, the second relation holds for an arbitrary power 
series g(B). m 

Remark 2.3 The series T(A, B) can be seen as an abstract generalization 
of the parity operator f(x) 1— > f(—x). The usual parity operator is obtained 
in the special case of canonical representation of the Heisenberg relation (J2J) 
when A = d x : f(x) f'(x) is differentiation and B = M x : f(x) 1— > xf(x) 
is multiplication operator acting on functions on R. This is proved in the 
beginning of section El 

In view of the discussion in the beginning of Section |21 it is of interest to 
have a closer look at the compositions A 2 A S and A%. 
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Corollary 2.4 Assume A and B are two elements in some complex asso- 
ciative algebra with unity I satisfying the Heisenberg canonical commutation 
relation AB — BA = I . Let A\ = A, and suppose A 2 and A 3 are formal 
power series in A and B in the (B , A) -normal form, i.e. 

oo oo oo oo 

j=Q k=0 j=0 k=0 

where the coefficients ajk, a,jk G C. If A l7 A 2 and A 3 satisfy the commutation 
relations 

A X A 2 + A 2 A X = A 3 , AiA 3 + A 3 A t = 
then it follows that 

A 2 A 3 = V(-A)W(A) + BW(-A)W(A), 
A\ = W(-A)W(A), 

where V(A) and W(A) are formal power series expressions in A with complex 
coefficients. 

Proof. The general solution to the problem according to Theorem 12. II can 
be expressed as 

A 2 = T(A,B)V(A) + BT(A,B)W(A), (40) 
A 3 = T(A,B)W(A), (41) 

where V(A) and W(A) are arbitrary formal power series with coefficients in 
C. Direct substitution of these expressions and application of the rules in 
Lemma [2.21 yields 

A 2 A 3 = T(A, B)V(A)T(A, B)W(A) + BT(A, B)W(A)T(A, B)W(A) 

= T(A, B)T{A, B)V(-A)W(A) + BT(A, B)T(A, B)W(-A)W(A) 
= V(-A)W(A) + BW(-A)W(A), 

A 3 A 3 = T(A, B)W{A)T{A, B)W(A) = T(A, B)T(A, B)W{-A)W{A) 
= W{-A)W{A). 

■ 

In Theorem 12.11 we stated the general (B, ^-normal form of the power 
series A 2 and A 3 satisfying the first two relations in (|T|) . We now turn our 
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attention to investigating the possibility of satisfying also the third relation, 
namely 



In the following theorem, being the main result of this article, we give the 
general solution to the problem with all three relations $IJ). In the formulation 
the exponential generating function E(t) of the so-called Euler numbers is 
used. For basic facts about the Euler polynomials and Euler numbers, we 
refer to Appendix B. 

Theorem 2.5 Suppose A and B are two elements in a unital associative 
algebra over C with unity I satisfying the Heisenberg canonical commutation 
relation AB — BA = I . Put Ax = A and let A 2 , A 3 and T(A, B) be formal 
power series in A and B in the (B, A) -normal form given as 



where the coefficients a^^a^ G C. If ' A\, A 2 and A 3 satisfy the commutation 
relations 

A X A 2 + A 2 A X = A 3 , A ± A 3 + A 3 A t = 0, A 2 A 3 + A 3 A 2 = 0, 

then either A 3 = and A 2 = T(A, B)V(A) , where V(A) is a formal power 
series in A with complex coefficients, or 



where c is a non-zero complex constant, E(t) is the exponential generating 
function of the Euler numbers E^ given by 



and both (p(A) and ip{A) are odd formal power series expressions in A with 
complex coefficients. 

Proof. By Theorem 12.11 we have, when considering only the first two 
relations, a general solution of the form given by (|40j) and (|41j) . In the 



A 2 A 3 + A 3 A 2 = 0. 



(42) 




A 2 = cT(A,B)E(<p(A))[e^ A ^{A) - ~tp'(A)\ + cBT(A, B)e v>( - A \ 
A 3 = cT{A,B)e^ A) , 
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present case, A 2 and A 3 are supposed to satisfy the additional condition 
A 2 A 3 + A 3 A 2 = 0. By Corollary El we have 

A 2 A 3 = V(-A)W(A) + BW(-A)W(A). 

Inserting the expressions (jU]) and ()4U|) and applying the rules in Lemma \2. 21 
yields 

A 3 A 2 = T(A, B)W(A)T(A, B)V(A) + T(A, B)W(A)BT(A, B)W(A) 
= T(A, B)T(A, B)W(-A)V(A) - T(A, B)W(A)T(A, B)BW(A) 
= W(-A)V(A) - T(A, B)T(A, B)W(-A)BW(A) 
= W{-A)V{A) - [BW{-A) - W'{-A)\W{A) 
= W{-A)V{A) - BW{-A)W{A) + W'{-A)W{A), 

and hence, we obtain 

A 2 A 3 + A 3 A 2 = V(-A)W(A) + W{-A)V{A) + W'(—A)W(A) = 0. 

We shall now consider the functional-differential equation 

V(-A)W(A) + W(—A)V(A) + W'{-A)W{A) = 0. (43) 

From AB - BA = I it follows that (-A)(-B) - (-B)(-A) = I, and hence 
together with A\ = —A the expressions 

A 2 = T(-A, -B)V(-A) - BT(-A, -B)W(-A), 
A 3 = T(-A,-B)W(-A), 

will satisfy the same commutation relations as (|4*nj) and f)41j) . Thus, it follows 
that 

A 2 A 3 + A 3 A 2 = V(A)W(-A) + W(A)V(-A) + W\A)W{-A) = 0, 

and we also have the equation 

V(A)W(-A) + W(A)V(-A) + W'(A)W(-A) = 0, (44) 

We shall look for the general solution to (|4*H|) and (|4*4l ) in the form of formal 
power series 

00 00 

v{A) = v i A \ W ( A ) = Yl wiAl > wi e c - 

1=0 1=0 



22 



Bosonic power series realizations 



Subtracting (|4*Hj) from ({H}) yields the equation 

W'(A)W(-A) - W\-A)W{A) = 0. (45) 

Integrating (|43jl and noting that W(0) = wo, we have 

W(A)W(-A)=wl (46) 

Considering first the case when wo = 0, one has, by substitution of the series 
into (jinj), the infinite system of equations 

s 

2-l)W-i = 0, s = 0,l,2,..., 
z=o 

having the unique solution w = W\ = w 2 = ■ ■ ■ = 0, so that VT(A) = 0. 
Putting = in the differential equation ()43|). we see that there is no 

equation left for V(A), i.e. V(A) can be chosen arbitrarily in the expression 
(j4*n|) for A2, proving the first statement of the theorem. 

Assuming that wo 7^ 0, we can divide both sides of equation (|4T)|) by 
the non-zero constant Wq, obtaining the simple equation g(A)g(— A) = 1, 
where g{A) := W(A)/wq- Taking the logarithm of both sides, it follows that 
log g(A) has to be an odd power series expression since log g (A) + log g(— A) = 
0. Let <f(A) = \ogg(A) and we have W(A) = w g(t) = w exp({p(A)), which 
is the general solution to (J46j) . f{A) being any odd formal power series with 
complex coefficients. Substituting for W(A) into equation (j4^|) yields 

V(A)w exp(cp(-A)) + w exp(ip(A))V(-A) + w 2 (p'(A) = 0. 

This can be written as 

V(A) [cosh ip (A) - sinh ip(A)\ + V(-A) [cosh if (A) + sinh tp(A)\ + w ip'(A) = 0, 

[V(A) + V{-A)\ cosh (p(A) = [V(A) - V{-A)\ sinh <p(A) - w oV '{A), 
and we have 

2V(A) cosh^(A) = [V(A) - V(-A)} exp(<p(A)) - w (p'(A). 
Denoting the odd part of V(A) by V\(A), we obtain 



V(A) coship(A) = V 1 {A) exp(<^(^)) - f<p'(A). 



(47) 
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Let E(X) denote the formal power series defined by 

(2n)\ 



00 E 

E(X) := V -4x 2n , E k = Euler numbers, 



n=0 

being the inverse of the formal power series given by cosh(X), in the sense 
that E(X) cosh(X) = cosh(X)E(X) = 1. Multiplying both sides of equation 
(JIZJ) by E(tp(A)) yields 

V(A) = E(ip(A))V 1 (A) exp( v (A)) - fE(<p{A)) f'{A). 

We have an expression for V(A) in terms of the odd power series if (A) and 
the odd part Vi(A) of V(A). V\(A) can be chosen arbitrarily from the set of 
formal odd power series with coefficients from C. Writing this as Vi(A) = 
WQip(A) with wq and ip{A) arbitrary, we have 

V(A) = w E(if(A)) exp(if(A)) ip(A) - *?E(<p{A)) iff {A). (48) 

where if (A) and ip(A) are arbitrary odd formal power series with complex 
coefficients. ■ 

The simple expressions obtained for the combinations A2A3 and A\ in 
Corollary 12.41 being essentially pure series in A, can now be given in a more 
explicit form. We formulate the following: 

Corollary 2.6 Suppose A and B are two elements in some complex asso- 
ciative algebra with unity I satisfying the Heisenberg canonical commutation 
relation AB — BA = I . Put A\ — A and let A2 and A3 be formal power 
series in A and B in the (B , A) -normal form given as 

00 00 00 00 

A 2 = E a ^B 3 A\ A 3 = J2Y1 ~ a 3kB"A\ 

where the coefficients a^, a,jk £ C. If A\, A2 and A3 satisfy the commutation 
relations 

A X A 2 + A 2 A X = A 3 , A X A 3 + A 3 A ± = 0, A 2 A 3 + A 3 A 2 = 0, 
then we have 

A 2 A 3 = cB- cE(<p(A))[iJ>(A) + \e*%\A)l 
Al = cl, 
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where c G C, E(t) is the exponential generating function of the Euler numbers 
Ek given by 



and both <p(A) and ip(A) are odd formal power series expressions in A with 
complex coefficients. 

Proof. By Corollary 12.41 we know that 



where in the present case the formal power series V(A) and appearing 
in the expressions for A2 and A3 in Theorem 12.11 must be chosen such that 
the third relation A 2 A 3 + A 3 A 2 = is satisfied. The general solution to that 
problem is found in the proof of Theorem 12.51 and is of the form 



V(A) = w E(<p{A)) eMv(A)) ip{A) - \w Q E{ V {A)) (f'{A), 
W(A) = w exp(ip(A)), 

where Wq G C, <p(A) and if) (A) are arbitrary odd formal power series with 
coefficients in C and E(t) = E^= (S 2 )!^- This y ields 

W(—A)W(A) = wl exp(<p(-A)) exp(<p(A)) = w 2 exp( v (A) + <f(—A)) 



Remark 2.7 Note that exchange of A± and A 2 does not change commutation 
relations So, by exchanging A\ and A 2 in all statements of the article, 
we get other expressions for A\ and A 2 in terms of the Heisenberg generators. 




A 2 A 3 = V(-A)W(A) + BW(-A)W(A), 
A\ = W(-A)W(A), 



V(-A)W(A) 



w 2 Q exp(v?(A) - <p(A)) = wl I, 
w 2 E( V (-A)) exp(ip(-A)) <4>(-A) exp(p(A)) 

-\wlE{ V {-A)) V '{-A)ex V { V {A)) 
-wlE{ V {A))i,{A) - 1 1 w 2 E( V (A)) V '(A)exp( V (A)) 
-w 2 E( v (A))[^(A) + lexv( ( p(A))p'(A)], 



proving the statement of the corollary. 
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3 Some particular bosonic representations 

In this section we will describe some non-trivial particular representations of 
the color analogue of the Heisenberg Lie algebra defined by the commutation 
relations (0). All examples are based on the general statement in Theorem 
12.51 and correspond to simple specific choices of the odd formal power series 
<p(A) and ip(A). The constant c is unimportant (except when c = 0, see 
Example 13.1)1 and we will put c=l unless stated otherwise. 

As a concrete example of elements satisfying the Heisenberg commutation 
relation (j2j), we can consider the differentiation and multiplication operators 
d x and M x defined on the linear space C [x] , consisting of all complex- valued 
polynomial functions of a single real variable x. If f(x) = Y^k=ofk xk i then 
by definition 

n 

(d x f)(x) = Y^fkkx k ~\ (MJ)(x) = xf(x) 

k=l 

and we have the well-known relation d x M x — M x d x — I. As a basis for C[x] 
we can take the set of monomials {1 • Ob >j Ob • ■ • • • Ob ^ Ob n+1 , . . .}. Acting on an 
arbitrary basis vector x n , we find 



_ 2 ) fc , , " (_2 X 



k 



k n - n-k 



k=0 k=0 v ' 



-x - — X 



x n 2_^{-2Y \ , ) = (-l) n x n = (-X) 

k=0 

In fact, if g is an analytic function on R, we have by Taylor's Theorem 

00 an 00 (n)( \ 

e d *g(x) = £ ^9(x) = E 9 —T i = ^ + Q> ( 49 ) 

n=0 n=0 

T(d x , M x )g(x) = £ ±-J-M*%g{x) = £ ^*V fc) (:r) 

k=0 ' k=0 
*^ n( k )(r) 

= E StF ( ~ 2x)fc = ^ x - 2x ) = ( 5 °) 

fc=0 

Example 3.1 By Theorem 12.51 we have a solution corresponding to A3 = 
given by 

A X = A, A 2 = T(A,B)V(A), A 3 = 0, 
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where V(A) can be any power series in A having complex coefficients. In 
this case, there is only one non-trivial relation to satisfy. Applying rule (c) 
of Lemma [2. 21 we readily obtain 

A X A 2 + A 2 A 1 = AT(A, B)V{A) + T(A, B)V(A)A 

= —T(A, B)AV(A) + T(A, B)V{A)A = 0. 

For any non-zero V(A), we obviously have A 2 given as an infinite power 
series expression in A and B. This is to be expected as a consequence of 
Theorem 12. II (a). Taking V(A) = 0, we obtain the trivial realization Ai = A, 
and A 2 = A 3 = 0. As we have shown in Section |21 this is the only possible 
solution, when A 2 and A 3 are polynomials in A and B. 

Assuming that V(A) = X]^o v i-^i we obtain for our simple solution above 

A\ = d x , 

00 (—2) k °° 
A 2 = T(d x , M x )V(d x ) = { ~jrM k x d k x vi€ 

k=0 ' 1=0 

A 3 = 0. 

Acting on an arbitrary basis vector x n , we find 

=d x x n = nx n -\ 

oo n | 

v(d x )(x n ) = J2 v i d * xn = E^r-TnT*"^ 

;— n v )' 



1=0 



A 2 {x n ) = T(d x , M x )V(d x )x n = 

i=o ^ ' 



-x) n ~ 



Example 3.2 Choosing <p — ip = in the general solution expressed in 
Theorem 12.51 we obtain 

Ax = A, A 2 = BT(A, B), A 3 = T(A, B) 

so in this case we have the simple relation A 2 = BA 3 . Considering the same 
situation as in Example 13.11 with A = d x and B = M x defined on the linear 
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space C[x], we have here 



A 







M x T{d x ,M x ) = Y J 



("2) fc 



k\ 



k=0 



T{d x ,M x ) = Y, 



("2) fc 



Midi. 



These operators are defined on the whole of C[x], and by Theorem 12.51 thev 
satisfy relations Acting on an arbitrary basis vector x n , we obtain 



So, for any polynomial p(x) G C[x], we have 

(Aip)(x) = p'(x), (A 2 p)(x) = xp(-x), (A 3 p)(x) = p(-x). 

These three operators can be defined for any differentiable function / and 
they satisfy the commutation relations ((H), as proved by the following simple 
calculations: 



A 1 A 2 f(x) = d x (xf(-x)) = f(-x) - xf'(-x), 
A 2 A 1 f(x)=A 2 f'(x)=xf'(-x), 
A 1 A 3 f(x)=d x f(-x) = -f(-x), 
A 3 A 1 f{x)=A 3 f{x) = f(-x), 
A 2 A 3 f{x) = A 2 f(-x) = xf{x), 
A 3 A 2 f(x) = A 3 xf(-x) = -xf(x). 



{A 1 A 2 + A 2 A x )f(x) = f(-x) = A 3 f(x), 
(A 1 A 3 + AsAJfix) = -f'(-x) + f'(-x) = 0, 
(A 2 A 3 + A 3 A 2 )f{x) = xf{x) - xf{x) = 0. 



A 1 (x n ) 
A 2 (x n ) 
A 3 {x n ) 



d x x n = nx n -\ 
M x T(d x ,M x )x n = M x (-x) 
T(d X} M x )x n = (-x) n . 



(-l) n x 



So 
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Example 3.3 Let C°°(R) be the set of all complex-valued infinitely differ- 
entiable functions on the real line. An arbitrary function / can be written in 
a unique way as a sum f(x) = fo(x) + fi(x) of its even and odd parts, where 

Mx)= m+jtEi, m= mzj™. 

If C£°(R) and C£°(R) denote the subsets of C°°(R) consisting of even and odd 
infinitely differentiable functions respectively, then this means that C°°(R) 
can be expressed as a direct sum C°°(R) = (R) © Cf 3 (R) . Now, let A u A 2 
and A3 be defined on C°°(R), as in the previous example, by the equations 

(A l f)(x) = f(x), (A 2 f)(x)=xf(-x), (A 3 f)(x) = f(-x). 

By considering different domains of definition for these operators by restrict- 
ing to the subspaces considered above, we have 



A 



A 2 
A, 



C°°(R) -> C°°(R), A x : C£°(R) -> Ci°°W, 
C°°(R) -> C°°(R), A 2 : C °°(R) -> C?°(R), A 2 
C°°(R) -> C°°(R), A 3 : C£°(R) -> C~(R), A 3 



C£°(R) -> C ° 
Cr(R) -> C, 
Cf 3 (R) -> Cf 



00 / 
i 



where A 2 = M x on C °°(R), A 2 = -M x on Cf°(R), A 3 = 7 on C °°(R), and 
A 3 = -7 on C£°(R). Now, define 

Ai : C °°(R) © C°°(R) -> C °°(R) © C 1 0O (R), i = 1,2,3 

where the operators A 1; A 2 and A 3 are given by the operator matrices 

A - (° d A A - ( ° ~ Mx \ A - I 1 ° 

Using the relation d x M x — M x d x = 7, one easily verifies by direct matrix 
multiplication that the operators Ai, A 2 and A 3 satisfy the relations 

AiA 2 + A 2 Ai = A 3 , A1A3 + A3A1 = 0, A 2 A 3 + A 3 A 2 = 0, 

where denotes the 2x2 zero matrix. 

Actually, if we let C M and D(M) denote the sets of all complex- valued 
functions on R and all complex-valued differentiable functions on R respec- 
tively, then clearly Ai can be defined on the space 7J>(R) = 7J (R) © Di(M.) 
while A 2 and A 3 are well-defined on the whole of C M = Cq © Cf . Here 
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subscripts and 1 have the same meaning as above, i.e. indicate subsets of 
even and odd functions. It follows that the three relations will be satisfied if 
the domain of definition is chosen as D(W) = D Q (M.) © £>i(R). 

Example 3.4 The representations of described in Example 13.31 can be 
generalized as follows. Let H be a linear space and H and Hi be subspaces 
of H such that H nHi = {0}. Consider H Q)Hi, the subspace of H which is 
a direct sum of H and Hi. Any linear operator Y on H (BHi can be written 
as an operator matrix Y = £PJ ), where Yjk : Hk — > Hj for j, k 6 {0, 1} 
are linear operators. Suppose A and B are linear operators on H satisfying 
on H the Heisenberg canonical commutation relation AB — BA = I. Then 
the linear operators 

Al= (!l o)' A *=(°B "(f)' A *=(l -i) 

on H © Hi satisfy the commutation relations (JTJ) of the graded analogue of 
the Heisenberg Lie algebra. This can be proved by the following calculations: 



AiA 2 + A 2 Ai = 
A X A 3 + A 3 Ai = 
A 2 A 3 + A 3 A 2 = 




Another way to form such block representations is to use the tensor product. 
For some linear space H we consider the tensor product C 2 ©if, being also a 
linear space over C. Let A and B be operators on H satisfying AB — BA = I. 
Then the operators 

on C 2 © H satisfy relations (JTJ. Direct computation, using the rules for the 
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tensor product, shows that 



1 oy V 1 / v 1 / V 1 

i\ fo -i\ _ , „ A o 

1 o 



Introducing the Pauli spin matrices 

l\ /0 -A A 



,T| = 1 1 oy 1 ' a2= ^ o j' ^ v° - 1 

we can write A\ = <Ji® A, A 2 = —iu 2 ®B, and A 3 = <j 3 <g) /. Among familiar 
simple properties of the Pauli matrices, we have that o\o 2 = io 3 and any 
two different Pauli matrices anticommute. Using these relations, it follows 
immediately that Ax, A 2 and A 3 must satisfy (1). 

Example 3.5 Let s be a positive odd integer and take (p(A) = and ip(A) = 
A s in the general solution given by Theorem 12.51 yielding 

Ax = A, A 2 = T(A,B)A S + BT(A,B), A 3 = T(A,B). 

Considering as in Example 13.11 the case when A = d x and B = M x defined 
on the linear space C[x], we have here 



Ax = d x , 

OO / 

fc! 

fe=U 

fc! 



A 2 = T(«9 X , M x )d s x + M x T(d x , M x ) = K - 1 J~{M k x d k + s + M k+1 d k ), 



( —2) k 

A 3 = T(d x ,M x ) = J2 [ - 1 j L M k x d k x , 



k=0 



satisfying ((TJ on C[x] by Theorem 12 .51 In a similar way as in Example 13.21 we 
can define Ax, A 2 and A 3 on the space Z} S+1 (R) of all s+1 times differentiate 
functions on the real line, by the equations 



(Axf)(x) = /'(*), (A 2 f)(x) = /«(-*) +xf(-x), (A 3 f)(x) = f{-x). 
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By direct computation we have 

AxA 2 f{x) = -/ (s+1) (-x) + f(-x) - xf\-x), 

A 2 A 1 f(x) = f^ 1 \-x)+xf'(-x), 
{A,A 2 + A 2 A 1 )f(x) = f(-x) = A 3 f(x), 
{A X A 3 + AsAJfix) = -f(-x) + f'(-x) = 0, 

A 2 A 3 f(x) = (-l) s f^(x)+xf(x), 

A 3 A 2 f(x) = f^(x)-xf(x), 
(A 2 A 3 + A 3 A 2 )f(x) = (1 + (-iy)f^(x) = 0. 

Note that for even values of s, s — 2r, r e N, we get operators Ai, A 2 and 
A 3 satisfying the commutation relations 

A X A 2 + A 2 A X = A 3 , A X A 3 + A 3 Ai = 0, A 2 A 3 + A 3 A 2 = 2A 2 { . 

These relations do not correspond to any color Lie algebra, though. 

As in Example EHfl let C °°(R) and Cf°(R) be the subspaces of C°°(R) con- 
sisting of even and odd infinitely differentiable functions respectively. Then 
we have C°°(R) = Cq°(R) © Cf°(R), and 

A 2 : C °° (R) -> Cf (R) , A 2 : (R) -> C™ (R) , 

where A 2 = M x - d s x on C °°(R) and A 2 = d s x - M x on C°°(M). Hence, we 
can define 

^ : C °°(R) © Cr(R) -> C °°(R) © Cr(R), i = 1,2,3 
where the operators Ai, A 2 and A3 are given by the operator matrices 

A -f° d *\ A -( ° ^- M *\ a - I 1 M 

Since, for any non- negative s we have d x (M x — d x ) — [M x — d x )d x = I, it 
follows from the general result in Example 13 .41 that the operators Ai, A 2 and 
A3 satisfy the relations 

AiA 2 + A 2 Ai = A 3 , AxA 3 + A 3 Ax = 0, A 2 A 3 + A 3 A 2 = 0, 

where denotes the 2x2 zero matrix. Using the notation introduced in 
Example 13.31 and above, we have that A 1; A 2 and A 3 can be defined on 
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D(R) = D (R)©Z>i(R), D S (JBL) = D S (R) ©Df(R) and C R = C^©C^ respec- 
tively. For the three relations to be satisfied, it suffices to take .D S+1 (R) = 
-Dq +1 (^) © -Di +1 (1R) as the domain of definition for all three operators. 

Example 3.6 Let ip(A) = A and if>(A) = in the general solution given by 
Theorem 12.51 yielding 

A x = A, A 2 = BT(A, B)e A — \ T(A, B)E(A), A 3 = T{A,B)e A . 

Considering once again as in Example 13 . II the operators A = d x and B = M x 
defined on the linear space C[x], we have 

At = d x , 

A 2 = M x T(d X} M x )e a * - | T(d x , M x )E(d x ), 
A 3 = T(d x ,M x )e d % 
or explicitly in the form of operator power series 
Ai = d x , 

00 / n\k 00 an 00 / o\k 00 771 

= E ^« £ I - \ £ ^« E T^e, 

n=0 ' fc=0 ' n=0 V >' 



k=0 



fc=0 ' n=0 



These operators are defined on the whole of the polynomial space C[x], and 
by Theorem 12.51 thev satisfy (JTJ on C[s]. For any differentiable function /, 
we can now define A\, A 2 and A 3 by the equations 



(A 1 /)(x) = f(x), 



oo 

f (2n)/_ 



(2//)!-' 1 '''' 



(A 2/ )(x) = x/(l-a;)-i^ 7 ^ j / 

n=0 

(4,/)(x) = /(l-x). 
By direct computation we have 

oo 

{A X A 2 + A 2 A0/(x) = /(l - x) - xf(l -x) + \Y, (2n+1) (-*0 

n=0 

oo 

+ xf\l -x)-\Y, 7^y/ (2n+1) (-^) = /(I -x) = A 3 f(x). 

n=0 ^ U) - 
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(AiA 3 + A 3 Ai)f(x) = -f(l -x) + f'(l -x) = 0, 



E-> 



(A 2 A 3 + A 3 A 2 )f(x) = xf(l -(1- X ))-IJ2 (^j^ 1 + 



n=0 



X) 



(i - X )f(i - (1 - *)) - \ (^y/ (2n) (-(i - x)) 



n=0 



^)-lE7irT[/ (2n) ^-i) + / (2n) (- + i)]. 



n=0 



(2n)\ 



Thus, the relation (A 2 A 3 + A 3 A 2 )f(x) = is satisfied if and only if the 
function / satisfies 



n=0 



(2n)! 



(51) 



The relations (JIJ hold on C[x] and so (joTj) holds for / e C[x]. We now give an 
independent combinatorial proof, showing that this formula holds when f(x) 
is a polynomial in C[x]. Let f(x) = x n , where n is a non-negative integer, 
and consider the sum 



^ = E(Syj[/ (2fc) (--i) + / (2fc) (x + i)] 
[f] 



n 



n-2fc " 



2/v 



n 
2A- 



Yi-2fc 



^ I" 2k ),r"(-V"- 21 -" 



u=0 
n-2k 



n-2k 



J2 E - 

k=0 

[I] 

k=0 

k=0 v 7 ^=0 v 



i/=0 



n - 2k 



v 



X 



Since the Euler numbers -E^fc+i = for all non-negative integer values k (see 



34 



Some particular bosonic representations 



Appendix B), we can write this as 

E^ I E '7") [i + (-ir- K 



m=0 v 7 y=0 
n n— f 



i> m=0 V / V / 



We have s„ expressed as a polynomial of degree n and with coefficients p nu 
given by 



EMxr)^'- 1 '"-™-*] 



m=0 
n— f 



= -V ^ [1 + (-l)n-^-ml 

m=0 v ; 

v\ f^ Q (2k)\ (n - v - 2k)\ 1 1 1 J 

For odd values of n — v, we observe that p nv = because of the factor 
1 + (^—\Y~ u ~ 2k being zero, while for even n — v we can write n — v = 2r for 
r G N, and hence 

n! -A E 2k _ 2n\ /2r 

(2fc)! (2r - 2fc)! ~ JZrjhA ^ 2k \2k 

k — k — 



2n\ ( 2 



)2r+l 



-(2 2r+1 -l)B 2r+1 + 2S 0>2r 



(2r)\u\ \2r + l 

where B n are the Bernoulli numbers and 5 k ,i is Kronecker's delta. Here we 
have used formula (5.1.3.2) on page 385 in Some useful facts about the 
Bernoulli numbers can also be found in Appendix B. For v = n we have r = 
and 

p nn = 2[2(2 - 1)5! + 25 00 ] = 4(5! + 5 00 ) = 4(-| + 1) = 2. 

Since B 2r+1 — for all r > 1, we have shown that p nu = when v < n, and 
hence 



S n ^ Pnu% Pnn% 2x . 



u=0 
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For every non- negative integer n, it holds that 




(n-2Jfe)! 




+ 



(n-2k)\ 




It follows, that for every polynomial p(x) G C[x], we obtain 



K*) = f£^ (2fc V-i)+P (2fc V+i)]- 




Another way to deduce this is to proceed by operator methods. Let us 
define the shift operator S and the differentiation operator D as follows: For 
any function / defined on the real line R, the action of S on / is given by 
(Sf)(x) = f(x + l). The inverse S 1-1 exists and acts as (S~ 1 f)(x) = f(x — l). 
The operator D is defined on -D(R), the class of all differentiable functions 
on the real line, as Df = /'. If we restrict the domain of definition of both 
S and D to the space of analytic functions on R then, as proved in (jUJ), we 
have the equality S = exp(D). Moreover, it holds that 



Using the exponential generating function of the Euler numbers and restrict- 
ing the domain of definition further to analytic functions / on R, such that 



holds (and in particular all parts of the equality exist), then we have 



I + e- 



2D 



I + S 2 = (S- 1 + S)S = (S- 1 + S)e 




I=(S- 1 + S)e D (I + e 2D )- 



KS-' + S) (2e D (I + e 2D )- 1 ) 




We have obtained 
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or by acting on a polynomial function p(x) 



1 TP 




The interpolation formula (|51|> can be shown to hold for a larger class of 
functions than just C[x], but not for all analytic functions on R. An illus- 
trative example is the exponential function e ax , where the formula can be 
shown to hold for \a\ < it/ 2 (cf. Appendix B). In order to extend the domain 
of definition for A 1 , A 2 and A 3 from C[x) to a bigger space, it would be 
interesting to characterize this class of functions and to see how the operator 
A2 can be defined on a larger domain than is done here. 

Example 3.7 This example contains Examples I3.1[ I3.2| I3.5I and I3.6I for 

specific values of the parameters defining ip and ip. Let s be a positive odd 
integer and take <f(A) = aA and ip{A) = f3 s A s in the general solution given 
by Theorem 12.51 Then we obtain 



Considering once again as in Example 13 .11 the operators A = d x and B = M x 
defined on the linear space C[x], we have 



Ai = A, A 3 = cT(A, B)e , 

A 2 = cT{A, B)E{aA)[e aA (3 s A s - \a] + cBT(A, B)e' 



aA 



At = d x , 

A 2 = cT(d x ,M x )E(ad x )[e a9 *(3 s d s x 
A 3 = cT(d x ,M x )e ad *. 



la)+cM x T{d x ,M x )e' 



We can now define A±, A 2 and ^3 on the polynomial space C[x] by the 
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equations 

(A 1 f)(x) = f(x), 

(A 2 f)(x) = cT(d X: M x )E{ad x )[(5 s f^\x + a) - \af{x)\ + cxf(-x + a) 

OO p 

= cT(d x , M x ) ^Y^ 2n [(3 s f (s+2n) (x + a)- \af^\x)\ 

n=0 

+ cxf(—x + a) 

OO 

= C E 7=Sy« 2n ^/ (s+2n) (- + «) - i«/ (2n) (-*)] 

n=0 

+ cxf(—x + a) 
(A 3 f)(x) = cT(d x , M x )e ad °f(x) = cf(-x + a). 

By direct computation we have 

(A 1 A 2 f)(x) = c jr-^a 2n [-(3 s f^ +1 \-x + a) + \af^\-x)] 
— cxf'(—x + a) + cf(—x + a). 



CO 

(A 2 Ax/)(x) = c£ 7|^T« 2 "[^/ (s+2n+1) (-^ + a) - \af^\-x) 
+ cxf'(—x + a). 

(A ± A 2 + A 2 A 1 )f(x) = cf(-x + a) = (A 3 f)(x), 
(A 1 A 3 + A 3 A 1 )f(x) = -cf'(-x + a) + cf'(-x + a) = 0, 



OO 

(A 2 A 3 f)(x) = -^a 2 "[c^(-l)7 (s+2n) (^) " \caf {2n \x - a)] 
+ c 2 xf(x). 
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OO p 

(A 3 A 2 f)(x) = c 2 J2 7^T« 2n [/?J (s+2n) (^) - \*f 2n \x + a)} 

n=0 ^ U >- 



+ c 2 (-x + a)f(x). 



oo 

(A 2 A 3 + A 3 A 2 )f(x) = c 2 xf(x) - \c 2 Y, 77^T« 2n+ V {2n) (^ " a) 

n=0 ^ ln >- 

OO 

+ c\-x + a)f(x) - \c 2 Y <^y a2n+1 f (2n) ( x + a ) 



n=0 

oo 



= ac 2 f(x) - \c 2 J2 ^* 2n+1 [f {2n) (x - a) + f™(x + a)}. 

n=0 [ - ZTl) - 

Thus, the relation (v4 2 v4 3 + A s A 2 )f(x) = is satisfied if and only if the 
function / satisfies 

oo 

M = 5 E 7=^« 2 "[/ (2n) (^ - a) + / (2 "^ + «)]• (52) 

n=0 

Example 3.8 Let us have a closer look at the operators studied in Example 
13.61 namely 

Ai = d x , 

A 2 = M x T(d X} M x )e 9 * - \ T(d x , M x )E(d x ), 
A 3 = T(d x ,M x )e d % 

We can express E(d x ) in terms of the generating function for the Euler num- 
bers, obtaining 

E(d x ) = 2e d *(e 2d * + l)" 1 = e 9 *{\ + ie^)" 1 = e*(l + He 29 * - l))" 1 



2 1 2 

9x E ^( e2& - *)* = e& E ^ E (^^(-i)' 

; — n I — n ;— n V / 



fc=o «=o v 7 



,(2(fc-Z)+l)9 a: 
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By virtue of equations (|%9~|) and (JHOJ) in Example 13 it is now reasonable to 
define 

(A 1 f)(x) = f(x), 

oo / 1( t k 

(A 2 f)(x) = xf(l - x) 



Eiife-tffJVw-o + i-*). 

fc=0 Z=0 ^ ' 



(i4 a /)(x) = /(l-x), 



where / is a polynomial C[x]. In order to verify the commutation relations, 
we calculate 



/ 00 k (-l ) k+l /A 

iM a /(*) = ^ x/a - x) - J2 E / /(2(A; ~ + 1 ~ x) 

\ k=0 1=0 ^ ' 

= /(l-a:)-a;r(l-x) + ^^^L jr(2(fc-/) + l-x) 

n ;— n \ / 



fc=0 1=0 



00 , _ \fc+Z /; \ 

^/(x) = xf(l ~ *) + E E 2k+T~ z f'( 2 ( k ~ + 1 - *) 



fc=0 Z=0 

We have then 



(AiAa + A 2 A0/(x) = /(l - x) = A 3 /(x), 

(AxAg + A 3 A x )/(x) = -/'(l - x) + f(l - x) = 0. 



Moreover 

OO fc , 



I /(x — 2{k — I)) 



A 2 A 3 /(x) = A a /(1 - x) = */(*) - Yl E Z 

fc=0 i=0 ^ ' 

A 3 A 2 /(x) = A 3 ( x/(l -*)"££ (f) /( 2 (* " + 1 - 

\ fc=0 1=0 ^ ' 

00 fc ( 1 /A 

= (>-*)-EEiBr I 

fc=0 (=0 ^ ' 



k=0 1=0 
00 k , , 

'" )/(x + 2(A;-0) 
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and hence 

(A 2 A 3 + A 3 A 2 )f(x) = xf(x) + (1 - x)f(x) 

oo k 



-EEl^T (, )[/(x-2(fc-Z)) + /(x + 2(fc-Z))] 
k=0 1=0 ^ 7 

00 k / .. \fc+Z /; \ 

= /W-EEisr 1 ^- 2 ( fc -0) + /( s + 2(fc-0)] 

fc=0 i=0 ^ ' 

In order to satisfy the relation (A 2 A 3 + A 3 A 2 )f(x) = 0, we must have 

/(*) = E E^ 1 )' ( z - 2 (* - 0) + /(* + 2(* - /))]■ (53) 

fc=0 «=o ^ 7 



We shall now demonstrate that this formula holds if f(x) is an arbitrary 
polynomial in x. For this purpose we need to use some properties of the 
Stirling numbers of the second kind, see Chapter 5 in [I]. We take f(x) = x n 
with n a non-negative integer and consider the sum 



00 / -1 \ k K /; \ 

^ = E T,^ 1 1 if( x - 2 ( k - 0) + /(* + 2 ( fc - 0)] 

fc=0 Z=0 ^ ' 

E E(- 1 ) i (;)[(*- 2 ( fc - or + (* + 2(* - on 

fc=0 Z=0 ^ ' 

fc=0 Z=0 ^ ' u=0 ^ ' 

00 / ^ \ h k / 1 \ 

„n—v 



± ( n )m + (-m E ^ E(-d' (f) (* - o- 

y=0 ^ ' fc=0 1=0 ^ ' 

v=0 ^ ' fc=0 Z=0 X 7 

£(:>"(i + (-m£ 2t 

y=0 v 7 fc=0 



fc — ' / 1 l U r£ n ~ U 
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where we have introduced the Stirling numbers of the second kind, given by 



j m , m > 1, k > 0, 



5(0,0) = 1, 5(0, A;) = 0, fc>l. 

The sum a n is now expressed as a polynomial of degree n with coefficients 
g ny given as 

fc = E("V<i + (-inX:^rV.*) 

u=Q ^ ' k=0 

since for k > m, we have by equation (4.2.2.3) on page 608 in 

k 



El-D^'Wo. 

3=0 U/ 



For odd values of u, we note that q nu = due to the factor (1 + (— 1)"). Now 
define fo = go = and let for all positive integers k, m 

fc=0 

The exponential generating functions F(t) and G(£) corresponding to the 
sequences (/&) and (# m ) respectively, are defined as 



A;! 2 — ' m! 

fc=0 m=0 



We find 



fc=0 fe=l fc=l v 7 



2 + t 



By Theorem 5.4.2 in ^] it follows that 
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and since 

1 - e - * e* — 1 
1 + e 1 e l + 1 

G(t) is an odd generating function, and hence for positive even values of v 
g u = Y, S{p, k)j k = -^i— S ^ k ) = °> 

k=0 k=0 

yielding the result 

n 

°n = Y^ 1nvX n ~ V = q n0 X n = 2x n . 

This proves that, for any non-negative integer n, we have 

* n = E w E(-!) z ( i) k* - 2 ( fc - or + (* + 2(* - on- 

fc=0 1=0 ^ ' 

It follows, that for every polynomial q(x) £ C[x], we obtain 

= E EC" 1 ) 1 / ^ x - 2 ( fc - 0) + <K* + 2(* - /))]. 

fc=0 i=0 ^ ' 

The formula (JH3j) holds for other functions than polynomials. An interesting 
task would be to find a characterization of this class of functions. 
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Appendix A 

Recall that a Zg-graded (color) generalized Lie algebra is a Z^-graded linear 
space 

X= 0I 7 

with a bilinear multiplication (bracket) (•,•): X X X —> X obeying: 
Grading axiom: ( X a , Xp ) C X a+/ g. 
Graded skew-symmetry: (a,b) = — (— l) a '^( 6 , a ). 
Generalized Jacobi identity: 

(-l)^(a,(6,c)) + (-l)^(c,(a,6)) + (-lf a (6,(c,a)) = 

for all a = (ai, . . . , a n ) , (3 = (f3 h . . . , (3 n ) , 7 = (71, ...,j n ) in Z£, and 
a G X Q , 6 G X^ , c G X 7 , where a ■ (5 — YH=i a «A e ^ c -' w ith X] meaning 
addition in Z 2 . The elements of U 7 gz™ -^7 are called homogeneous. 

Any Zg-graded generalized Lie algebra X can be embedded in its universal 
enveloping algebra U(X) in such a way that, for homogeneous a G X a and 
6 G Xp, the bracket ( • , • ) becomes a commutator [a , 6] = ab — ba when a • /? 
is even, or an anticommutator {a , b} = ab + 6a when a • /? is odd [28J. 

Now take X to be a Z^-graded linear space 

X = X(i ) i )0 ) © X(i )0j i) © X(o,i,i) 

with the homogeneous basis A\ G X( 110 ), A 2 G X( 101 ), v4 3 G Imy). The ho- 
mogeneous components graded by the elements of 7\ different from (1, 1, 0), 
(1, 0, 1) and (0, 1, 1) are zero and so are omitted. If the Z^-graded bilinear 
multiplication ( • , • ) turns X into a Z|-graded generalized Lie algebra, then 
(Ai, Ai) = 0, % = 1,2,3 and 

(A 1 ,A 2 ) = c 12 A 3 , (A 2 ,A 3 ) = c 23 A x , (A 3 ,A X ) = c 31 A 2 . 

When a and b are in different homogeneous subspaces, it follows that ( a , b ) = 
( b , a ) , whereas (a ,b) — — (b,a) if a and b belong to the same one. More- 
over, the generalized Jacobi identity is valid. Now put C\ 2 = 1, c 23 = and 
C31 =0. The algebra X so defined has as its universal enveloping algebra the 
color analogue of the Heisenberg Lie algebra. 
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Appendix B 

The Bernoulli polynomials Bk(x) can be defined in terms of their exponential 
generating function 

T = ^B fe (x)-, \t\<2n. 

k=0 



e* 



The four polynomials of lowest degree are 

B (x) = 1, Si(a;)=a:-i, S 2 (x) = x 2 - a; + |, B 3 (ar) = re 3 - fx 2 + \x. 

The Bernoulli numbers B k are then defined as the values of B k {x) at the 
origin, B k = B k (0), from which it follows that B = 1, £?! = — |, and for 
fc > 1 

B 2M = 0, B» = Mf V(2^ f> + 1 >'" 

In a similar way, one can define a sequence of polynomials E^x), called 
the Euler polynomials, by specifying their exponential generating function 

as 

2e xt ^ , A k , 

?n^^' |t|<7r - 

fc=0 

The four polynomials of lowest degree are 

E (x) = 1, Ei(rr) = x - i, E 2 (x) = a; 2 - x, E 3 (x) = x 3 - \x 2 + \. 

The Euler numbers E k are then defined as the integers E k = 2 k E k {\). It 
follows that E = 1, Ei = 0, E 2 = —1, E 3 = 0, and generally for k > 



*Wi = o, £ 2fc = (-i) fc (2fc Jl 2 +1 £(-ir^ + !) 

The Euler numbers have an exponential generating function obtained by 
setting x — 1/2 and replacing t by 2t in the exponential generating function 
of the Euler polynomials 

fc=0 



\-2fc-l 
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